The characters of parafermionic conformal field theories are given by the string functions of affine algebras, which are either twisted or untwisted algebras. Expressions for these characters as generalized Rogers Ramanujan algebras have been established for the untwisted affine algebras. However, we study the identities for the string functions of twisted affine Lie algebras. Conjectures for the string functions was proposed by Hatayama et al., for the unit fields, which expresses the string functions as Rogers Ramanujan type sums. Here we propose to check the Hatayama et al. conjecture, using Lie algebraic theoretic methods.
One of the most intriguing and interesting mathematical identities are the ones found by Ramanujan and proved by Rogers and their generalizations, known as Generalized Rogers Ramanujan identities (GRR). The GRR are a cornerstone in number theory, partitions theories and combinatorics.
Amazingly, it turns out, that the GRR identities play a pivotal role in the physics of two dimensional systems, and can be explained, and proved, by considering central physical systems. The GRR arose in physics first in two apparently disconnected systems. In 1980 Baxter [1] observed that in the calculation of the local state probabilities in the Hard Hexagon model, the result gives precisely the Ramanujan expressions, which was essential in Baxter's calculations. In a separate development Lepowsky and Primc [2] expressed the string functions of SU (2) affine algebras as GRR type sums. These were later shown to be the characters of parafermionic field theories [3] . In fact, these two appearances of GRR, are related as it was shown that the local state probabilities are given by the characters of the fixed point conformal field theories [4] . Thus, the conjecture that the characters of any conformal field theory, which is the fixed point of an RSOS lattice model, can be expressed as GRR type sums. Several examples of characters in CFT were studied, and were shown to be expressible as Rogers Ramanujan type sums [5 − 10] .
Rogers Ramanujan type sums are of the form,
where B is some matrix, A is a vector and n is a vector of non negative integers.
We used the Pochhammer symbol defined as
There might be some restriction on the sum and r i are some integers.
The simplest cases were found by Slater [11] , and it gives GRR expressions for the characters of the Ising model. For example,
We wish to generalize the Slater identities to parafermionic field theories which are generalizations of the Ising model. In the work [12] we presented GRR identities which express the characters of generalized parafermions [13] .
The characters of the parafermions are the string functions of untwisted affine algebras. Here, we describe a generalization of these identities to the string functions of twisted affine algebras. These are the characters of oribifolds of parafermionic field theories.
Hatayama et al. proposed a generalized Rogers Ramanujan conjecture for the unit fields of twisted affine algebras [14] . Our aim is to verify this conjecture.
The twisted affine algebras were classified by Kac [15] . They are, G
m where r = 2 or 3 is the twist type and m is the rank of the algebra. The algebras are
and D (3) 4 . The algebra that remains invariant under the twist is labeled by G0 and it is the same as the algebra obtained by removing the α 0 node, labeled byḠ, except for A (2) 2l , where G0 is B l andḠ is C l . The algebra G0 is,
where the first entry is the affine algebra and the second is the finite algebra G0.
We label by α a , a = 1, 2, . . . , l, the simple roots of G0. The scalar product α a · α b of the roots is normalized such that the long roots have a square which is 2r. We define the array
where m is the level of the representations and i, j = 1, 2, . . . , m − 1. We use also a 0 (the mark of the zero root) which is always equal to one, except for A
2l , where it is equal to 2. We define t a = max(α 2 a /2, a 0 ), for each of the roots of G0. We denote by M the root lattice of G0 and define the map
where ǫ a is equal to 1, except for A
2l and a = l (the long root), where it is 2.
We also use the Pochhammer symbol
and define q a = q t a . We define the set of non-negative integers
where a = 1, 2, . . . , l and j = 1, 2, . . . , m − 1. We set
We are ready now to state the conjecture of Hatayama et al. [14] . We define the GRR sum
where
The sum in eq. (8) is limited to n jα a n (a)
The string function c 0 λ (q) is then given by
for any weight λ. This equation (11) 
in the representation with highest weight Λ. Here δ is measuring the grade, and κ is some number.
Our aim in this paper is to check systematically the GRR expressions above, eq. (11). Since the string functions are the generating functions for the multiplicities of weights in the affine representations, we can use algebraic means to calculate them, grade by grade. We find, of particular suitability, the formula by
Freudenthal [15] which is
where Λ is the highest weight, λ is the weight, ρ is half the sum of positive roots, ∆ + is the set of positive roots and dimV λ is the multiplicity of the weight λ. In Let us give now some examples. At level one the string functions are known rigorously [16] , and they agree with the conjecture of Hatayama et al. At level two, the expressions for the GRR sums assume a particular simple form. The expression can be written as,
where C is the matrix of scalar products of G0, C = α i ·α j and t i = max(α 2 i /2, a 0 ). Here ǫ i = 0, 1 and
χ 0 λ is the string function for the representation with highest weight 0 and weight λ.
Let us take the case of A (2) 2 at level 2. Here the matrix C is
and t 1 = t 2 = 2, and a 0 = 2. So we have, by calculating eq. (14), with ǫ i = 0, 
Using the program ALGEBRA we get precisely this series for the string function up to order 8.
Let us give another example at rank two, which is D
3 . Here the matrix C is again as in eq. (16) but t 1 = 2 and t 2 = 1 and a 0 = 1. From eq. (14) The calculation of the string function from ALGEBRA agrees with this.
Another rank two example is D
4 . Here the scalar product matrix is
and t 1 = 3, t 2 = 1 and a 0 = 1. We find from eq. (14) that,
where we take ǫ i = 0. Again, from ALGEBRA we get exactly this string function up to grade 9. Taking ǫ 2 = 1 and ǫ 1 = 0 we find from our GRR,
which is also what we obtain from ALGEBRA.
Let us move now to rank three. Our first example is A
5 . Here the matrix C is
and t 1 = t 2 = 1 and t 3 = 2. From eq. (14) we find, taking ǫ i = 0, Here we take ǫ 1 = 1 and ǫ 2 = ǫ 3 = 0. From ALGEBRA we find exactly this string function up to this order.
Let us consider now the algebra E
6 , which is at rank four, and at the level two. The matrix of scalar products is
Thus t 1 = t 2 = 2 and t 3 = t 4 = 1. Taking ǫ i = 0 we find from the GRR, 
which is again confirmed by ALGEBRA.
Let us turn now to examples with levels greater than 2. Here we use the GRR conjecture eqs. (8, 11) . Consider the algebra D This work is centered around the Generalized Rogers Ramanujan identities for the twisted affine algebras. First, we wish to find a generalization of these identities to the non singlet representations. In ref. [12] we found many such generalizations for the untwisted algebras. Unfortunately, the naive guess does not work for the twisted algebras, but we are confident that with more work, such GRR expressions could be found.
Our second objective is to prove these GRR identities. We already have encouraging results for the level two cases. We believe that the q-diagram technique, that we used to prove the level two untwisted cases [17] , can be adapted to work also for the twisted case, and be used to prove and generalize the Rogers Ramanujan type identities.
